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Abstract

As one the most important human-computer interfaces (HCI), face recog-
nition has been researched over decades. Particularly, active shape models
(ASM) and active appearance models (AAM) have been widely and success-
fully used for the face representation, which is able to tell the user’s intention
by calculating the user’s face direction.

As the ancestor of ASM, active contour models (ACM) [2], also named
snakes, were first proposed by Kass et al. [11], which can stretch and deform
to fit image features to which they are attracted. C. Xu and J.L. Prince
proposed GVF [17] as a new external force for snakes, the same conception
as diffusion equations defined in diverse physics fields like fluid flow, etc.,
which greatly improve the snakes’ fitting effect to the concave boundaries.

ASM was originally proposed by Cootes et al. [6, 8]. The advantage of
ASM is that the instances of models “can only deform in ways found in a
training set” [10], which is perfectly suitable for the representation of the
specific deformable objects, for instance, face.

AAM was also first proposed by Cootes et al. [4,9], and it’s closely related
to the concepts of Active Blobs [14] and Morphable Models [13]. AAM not
only seeks to match the position of the model points as in ASM, but also
match the representation of the texture over the object. [3,7] compared ASM
with AAM in detail, and [12] completely summarized how to implement ICIA
AAM for face representation. As a practical application, CMU used AAM for
the real-time driver head tracking and driver mental state estimation [1]. It’s
demonstrated that AAM is extraordinarily fast for head tracking. Meanwhile,
AAM can accurately tell the face motion in real time.



Chapter 1

Build AAM

1.1 AAM Shape

The shape of an independent AAM is defined in the same way as ASM, which
is composed of the coordinates of the v vertices that make up a mesh.

s = [x1, y1, x2, y2, · · · , xv, yv]
T (1.1)

AAMs allow linear shape variation. This means that the shape s can be
expressed as a base shape s0 plus a linear combination of N shape vectors si:

s = s0 +

N
∑

i=1

pisi

= s0 + Psbs (1.2)

where bs = (p1, p2, · · · , pN)T are the shape parameters and Ps = (s1, s2, · · · , sN)
are just the orthnormal eigen vectors obtained from the training shapes.

1.2 AAM Texture

From [15], the texture is defined as the pixel intensities across the object (here,
the face) in question (if necessary after a suitable normalization). Then, the
texture of an AAM is a vector of intensities A(x) defined over the pixels
x ∈ s0, where x = (x, y)T . AAMs allow linear texture variation. This means
that the texture A(x) can be expressed as a base texture A0(x) plus a linear
combination of M textures Ai(x):

A(x) = A0(x) +

M
∑

i=1

λiAi(x)

= A0(x) + Ptbt, ∀x ∈ s0 (1.3)
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where bt = (λ1, λ2, · · · , λM)T are the texture parameters and Pt = (t1, t2, · · · , tM)
are just the orthnormal eigen vectors obtained from the training textures.

For the IMM face database, the pixel number within the aligned mean
face is 31,461. So, totally, there are 31,461*3=94,383 elements in a single
texture vector, taking three color channels–B, G, R into our consideration.

The following figure shows the mean face texture synthesized from the
training IMM face dataset.

Figure 1.1: Mean/Template Face Texture
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Chapter 2

AAM Fitting

2.1 Basic AAM Fitting

[5] clearly summarized the basic AAM fitting algorithm. An AAM should be
able to represent both the shape and texture variability trained from the face
database. Meanwhile, the shape and texture are often correlated. Therefore,
we may simply assume that both the shape parameter vector bs and the
texture parameter bt have a linear relationship with the same parameter
vector, say c, i.e.:

bs = Csc (2.1)

bt = Ctc (2.2)

Simply combining (1.2), (1.3), (2.1) and (2.2) gives:

s = s0 + Qsc (2.3)

A(x) = A0(x) + Qtc (2.4)

When AAM is put into the real face tracking application, our purpose
is always trying to minimize the mean square error (MSE) of the difference
between the trained model and the newly coming image:

r(p) = Ai(x)−Am(x) (2.5)

E(p) = rT r (2.6)

Looking on the above problem as a classical optimization problem, by
using numeric differentiation method, we may simply cope with it in an
iterative way. That is to say, for each iteration, our aim is to find the most
suitable δp, so that (2.7) goes to minimum.

E(p + δp) = r(p + δp)T
r(p + δp) (2.7)
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After each iteration, p is updated to p + δp. The iterations will proceed
continuously until E(p+δp) and E(p) are of negligible difference. Thus, the
problem is converted to how to calculate the updating value δp in terms of
the current p in each iteration. Apparently, in order to compute δp, we first
carry out 1-order Taylor expansion, and then carry out the partial derivative
on (2.7).

∂E(p + δp)

∂δp
=

∂r(p + δp)T
r(p + δp)

∂δp

=
∂(r(p) + ∂r(p)

∂p
δp)

T
(r(p) + ∂r(p)

∂p
δp)

∂δp

=
∂(r(p)Tr(p) + 2r(p)T ∂r(p)

∂p
δp + δpT(∂r(p)

∂p
)T ∂r(p)

∂p
δp)

∂δp

= 0 + 2r(p)T
∂r(p)

∂p
+ 2δpT(

∂r(p)

∂p
)T

∂r(p)

∂p

Letting the above formula equal to zero gives:

δp = −Rr(p) (2.8)

R = ((
∂r(p)

∂p
)T

∂r(p)

∂p
)−1 (2.9)

By systematically displacing each parameter from the known optimal value
on training images and computing an average over the training dataset, ∂r(p)

∂p

could be estimated by numeric differentiation.

2.2 ICIA AAM Fitting

[12] jointly put AAM into a Lucas-Kanade algorithm framework, and form
the popular algorithm named inverse compositional image aligement (ICIA)
for AAM fitting.

The goal of Lucas-Kanade algorithm is to find the best alignment by
minimizing the square sum of the difference between a constant template
image T (x) and an input image I(x) with respect to the warp parameters
p. Let x = (x, y)T indicate the pixel coordinates and W(x;p) denote the
parameterized set of allowed warps, where p = (p1, p2, . . . , pN)T is a vector
of N parameters. The warp W(x;p) takes the pixel x in the coordinate
frame of the template T and maps it to the sub-pixel location W(x;p) in
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the coordinate frame of the image I. Naturally, the goal of Lucas-Kanade
algorithm is to minimize

∑

x

[I(W(x;p))− T (x)]2 (2.10)

To optimize the expression in Equation (2.10), Lucas-Kanade algorithm
assumes that a current estimate of p is known and then iteratively solves for
increments to the parameters ∆p; i.e. the following expression is (approxi-
mately) minimized:

∑

x

[I(W(x;p + ∆p))− T (x)]2 (2.11)

with respect to ∆p. Each iteration, the parameter p is updated by p← p + ∆p.

By performing first order Taylor expansion on the scalar I(W(x;p + ∆p))
in terms of p:

∑

x

[I(W(x;p)) +∇I
∂W

∂p
∆p− T (x)]2 (2.12)

where ∇I = ( ∂I
∂x

, ∂I
∂y

) is the gradient of image I evaluated at W(x;p). Note

here: according to the definitions in “Matrix Calculus [16]”, ∇I should be a
row vector of size 1 ∗ 2, ∂W

∂p
should be a matrix of size 2 ∗ N . Additionally,

∆p is of size N ∗1. Thus, it’s guaranteed that ∇I ∂W
∂p

∆p in (2.12) is a scalar.

Now, we calculate the partial derivative on (2.12) in terms of ∆p:

2
∑

x

[I(W(x;p)) +∇I
∂W

∂p
∆p− T (x)][∇I

∂W

∂p
] (2.13)

and set it to equal zero, then transpose both sides of the equation, and solve
the equation, we get:

∆p = H−1
∑

x

[∇I
∂W

∂p
]T [T (x)− I(W(x;p))] (2.14)

where, H is the Hessian Matrix as follows:

H =
∑

x

[∇I
∂W

∂p
]T [∇I

∂W

∂p
] (2.15)
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Forwards Compositional Image Alignment

The compositional algorithm computes an incremental warp W(x;∆p) to
be composed with the current warp W(x;p) as:

∑

x

[I(W(W(x;∆p);p))− T (x)]2 (2.16)

Taking the Taylor series expansion in terms of p, we have:

∑

x

[I(W(x;p)) +∇I(W(x;p))
∂W

∂p
∆p− T (x)]2 (2.17)

Inverse Compositional Image Alignment

“The inverse compositional algorithm is a modification of the forwards com-
positional algorithm where the roles of the template and example images
are reversed.” [12] Reversing the roles of the template image T (x) and the
example image I(W(x;p)) results in the inverse compositional algorithm as:

∑

x

[I(W(x;p))− T (W(x;∆p))]2 (2.18)

For T (W(x;∆p)), taking the 1-order Taylor series expansion in terms of ∆p

at ∆p = 0, we have:

∑

x

[I(W(x;p))− T (W(x; 0))−
∂T (W(x;∆p))

∂W(x;∆p)

∂W(x;∆p)

∂∆p
| ∆p=0(∆p− 0)]2

=
∑

x

[I(W(x;p))− T (x)−
∂T (W(x; 0))

∂W(x; 0)

∂W(x;∆p)

∂∆p
| ∆p=0∆p]2

=
∑

x

[I(W(x;p))− T (x)−
∂T (x)

∂x

∂W(x; t)

∂t
| t=0∆p]2

=
∑

x

[I(W(x;p))− T (x)−∇T
∂W(x;p)

∂p
| p=0∆p]2

(2.19)

We denote the solution to the above equation as:

∆p = H−1
∑

x

[∇T
∂W

∂p
]T [I(W(x;p))− T (x)] (2.20)

where, H is the Hessian Matrix as follows:

H =
∑

x

[∇T
∂W

∂p
]T [∇T

∂W

∂p
] (2.21)
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and the Jacobian ∂W
∂p

is evaluated at (x; 0) as in (2.19). Since there is nothing
in the Hessian that depends on p, it is constant across iterations and can be
pre-computed.

With the above deduction, we can summarize the Lucas-Kanade Inverse
Compositional Image Alignment algorithm as in figure (2.1).

Figure 2.1: Lucas-Kanade Inverse Compositional Image Alignment

2.3 How to implement Inverse Compositional

Image Alignment?

In AAM model, p is a vector of N synthesized parameters to describe a
particular shape, i.e., the 58 points’ coordinates. During AAM fitting, let’s
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assume a known p first. Thus, a triangle mesh could be constructed based
on the computed 58 vertexes for the input image. This built triangle mesh
should have the same inner structure as the mesh built by Delaunay Trian-
gulation for the template image. For every point x = (x, y) inside the convex
hull of the reference(mean) shape in the template image, we need to figure
out a scalar according to (2.19), so that for all points within this convex hull,
the sum of all the computed scalars will determine the texture error between
the template image and newly input image after a specific warping. Now,
let’s analyze how to calculate (2.19) during implementation item by item.

• T (x) is just the intensity of point x in the template image.

• To calculate I(W(x;p)), first, we warp the coordinates x in the tem-
plate image into the coordinates W(x;p) in the input image with the
known parameters p. In fact, every concerned pixel x within the tem-
plate image lies in a triangle in the mesh built by Delaunay Triangula-
tion, and we could actually look on the points inside one triangle have
the same way to warp according to the same three vertexes. For sim-
plicity, affine transform can be used here as a way to warp, which is
called Piecewise Affine Warping in [12]. After the affine transform, the
intensity of that warped point could be simply interpolated in the input
image by any kind of interpolation method, say, bilinear interpolation.

• As the 3rd item in ∇T ∂W
∂p

∆p, ∆p is a column vector of size N , which
is to be determined to update the N -size shape parameters p during
the iteration. ∇T , apparently, is a 2-D vector for gradients at the
coordinate x in the template image. While ∂W

∂p
is the Jacobian of the

warp. Say, if W(x;p) = (Wx(x;p)), (Wy(x;p))T , then

∂W

∂p
=

(

∂Wx

∂p1

∂Wx

∂p2

. . . ∂Wx

∂pN
∂Wy

∂p1

∂Wy

∂p2

. . .
∂Wy

∂pN

)

(2.22)

For every item in the first row in the above array, the scalar Wx is a
coordinate about x of a warped point W (x;p), the scalar pi refers to
the ith element of the parameter vector p. Simply applying the chain
rule to ∂Wx

∂pi
gives:

∂Wx

∂pi

=

v
∑

j=1

[
∂Wx

∂xj

∂xj

∂pi

+
∂Wx

∂yj

∂yj

∂pi

] (2.23)
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Similarly, for every item in the second row in (2.22), we have:

∂Wy

∂pi

=
v
∑

j=1

[
∂Wy

∂xj

∂xj

∂pi

+
∂Wy

∂yj

∂yj

∂pi

] (2.24)

In order to understand the above equation more thoroughly, we need
to emphasize the 2-step calculation for W (x;p): 1) build the modeling

shape – 58 vertexes by (1.2) – corresponding to
∂xj

∂pi
and

∂yj

∂pi
; 2) calculate

all the coordinates corresponding to the points inside the convex hull of
the template image by using the same relative position – corresponding
to ∂Wx

∂xj
and ∂Wy

∂yj
.

In fact, every pixel x in the convex hull of the template shape lies in
a triangle. Let’s suppose the three vertexes of the triangle containing
the point x are x0

r , x0
s, and x0

t . Any internal point x can be written as
superposition:

x = αx0
r + βx0

s + γx0
t (2.25)

where

α =
x0

sy
0
t − y0

sx
0
t − xy0

t + yx0
t − yx0

s + xy0
s

x0
sy

0
t − x0

ry
0
t − x0

sy
0
r − y0

sx
0
t + y0

rx
0
t + y0

sx
0
r

β =
xy0

t − x0
ry

0
t − xy0

r − yx0
t + y0

rx
0
t + yx0

r

x0
sy

0
t − x0

ry
0
t − x0

sy
0
r − y0

sx
0
t + y0

rx
0
t + y0

sx
0
r

γ =
yx0

s − y0
rx

0
s − yx0

r − xy0
s + x0

ry
0
s + xy0

r

x0
sy

0
t − x0

ry
0
t − x0

sy
0
r − y0

sx
0
t + y0

rx
0
t + y0

sx
0
r

(2.26)

It’s obvious that α + β + γ = 1.

To calculate the warped point w(x;p) corresponding to x, by using the
same α, β and γ, i.e., an affine transform, we could have:

W(x;p) = αxr + βxs + γxt (2.27)

where xr, xs, and xt are built by (1.2), respectively corresponding to
x0

r , x0
s, and x0

t .

From (2.27), it’s easy to deduce:

∂Wx

∂xr

=
∂Wy

∂yr

= α
∂Wx

∂xs

=
∂Wy

∂ys

= β
∂Wx

∂xt

=
∂Wy

∂yt

= γ

∂Wx

∂yr

=
∂Wy

∂xr

= 0
∂Wx

∂ys

=
∂Wy

∂xs

= 0
∂Wx

∂yt

=
∂Wy

∂xt

= 0

(2.28)
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Obviously, for all the other vertexes built by (1.2), ∂Wx

∂xm
= ∂Wy

∂ym
= 0,

where m 6= r, s, t. Thus, in (2.23) and (2.24), there are only three
non-zero summation items. Those three items are just corresponding
to the three vertexes of the triangle containing the point x. Thus, for
a specific point x, (2.23) and (2.24) can be deducted to:

∂Wx

∂pi

= α
∂xr

∂pi

+ 0 + β
∂xs

∂pi

+ 0 + γ
∂xt

∂pi

+ 0

∂Wy

∂pi

= α
∂yr

∂pi

+ 0 + β
∂ys

∂pi

+ 0 + γ
∂yt

∂pi

+ 0

(2.29)

Now, implementing partial derivative in terms of p on both sides of
(1.2), we will get:















∂x1

∂p1

∂x1

∂p2

. . . ∂x1

∂pN
∂y1

∂p1

∂y1

∂p2

. . . ∂y1

∂pN

. . . . . . . . . . . .
∂xv

∂p1

∂xv

∂p2

. . . ∂xv

∂pN
∂yv

∂p1

∂yv

∂p2

. . . ∂yv

∂pN















= 0 +

∂













p1s
x1

1 + p2s
x1

2 + · · ·+ pNsx1

N

p1s
y1

1 + p2s
y1

2 + · · ·+ pNs
y1

N

. . .

p1s
xv

1 + p2s
xv

2 + · · ·+ pNsxv

N

p1s
yv

1 + p2s
yv

2 + · · ·+ pNs
yv

N













∂p

=













sx1

1 sx1

2 . . . sx1

N

s
y1

1 s
y1

2 . . . s
y1

N

. . .

sxv

1 sxv

2 . . . sxv

N

s
yv

1 s
yv

2 . . . s
yv

N













(2.30)

where s
xj

i denotes the component of si that corresponds to the position
of xj and similarly for s

yj

i .

Therefore,

∂xj

∂pi

= s
xj

i

∂yj

∂pi

= s
yj

i (2.31)

Substituting (2.31) into (2.29), we have:

∂Wx

∂pi

= αsxr

i + βsxs

i + γsxt

i

∂Wy

∂pi

= αs
yr

i + βs
ys

i + γs
yt

i

(2.32)
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Chapter 3

AAM Fitting Considering A

Global Shape Transform

During the AAM model building, the shape model is built on basis of the
normalized mesh, which removes translation, rotation and scale variances
by Procrustes analysis. Clearly, after this normalization, the built shape
model doesn’t actually model the translation, rotation and scale. However,
as for a testing image, we do need to take this similarity transform into
consideration [12] [15].
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